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Technical Note TN 14

I'ne generalized potential of an ellinsoid
by

H.A, Lauwerier

%16 Ellipsoid

The Newtonian attraction of an ellipsoid has been a2 famous
problem of the past to which Newton, MacLaurin and Lvory have paild
,3 E— - . 2 " SO,

much attention >¢ The usual derivation of the votential of an

cllipsoid at either an internal or an external polnt makes use of

geometrical arguments., In the following lines a simple analytical
derivatlion will be given by using the technique of Laplace trans-
formation,

Let the ellipsold be given by
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and let the generallzed potential at P(x,y,z) due to a2 unit mass
at (;ﬁﬁ,jﬂ be given by

L A N2 3 =B
(1.2) (2=5) + (y=-2)" + (z-7)°} 77,
where O g eﬁﬁ%. 'hen the generalized potential at P of the ellip-
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where U(t) is the well-known unit fTunction

Oy U(t) = jo for t ~ O,
{ O f'or T <« Q.

If upon (1.3) Laplace transformation is applied with respect
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By making the substitution
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(1.7)  r(8) V(p) = o " [ s %as [/f exp-|pF s+ Zﬁ-—f:mgmjdgdndb.
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The triple integral on the right-hand side is a product of tThree
integrals, the integration of which i1s elementary. The integratlion

with respect to ? ogives e.g.
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Inverse transiormation gives finally. . 1&2 2 22 3/2"""8
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where the interval (S,00) is determined by the reguirement

XE = ZE A
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a +8 b +s C +5

with tThe equality sign for s=83.
The last expression holds for external points as well as for
internal points, However, for an intevrnal noint it follows at once

Phat S=0. The expression (1.10) holds for external points also if

%*36‘“% . For 6=5/2 the result may be obtained at once by inversion
of (1.9) viz. A

5 = T abc
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%2. Sphere
ol el - e A
If a=b=c=1 and R~ =" X +y +z the expression (1.10) becomes
for external points
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where S mRL/Pgwﬂ.
Substitution of SmRE/raumﬂ transforms this into
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For ©=5 this reduces to the well-known Newtonian result

Y 4 =y ¢ r’j
(2.4) VirT) = mlg_mm_
R

which equals the potentilial of a masspoint at the origin wherce the
total mass of the sphere 1s concentrated.
~

For internal points the constant 3 in (2.1) equals zero.

Substitution of s=1/u-1 gives
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At the surface (2.3) and (2.6) have the common value

o o Bmge
(2.7) V(pd> = ﬂ_‘i‘_@,—.—.—.—— &

_ ﬁ ~ R.
(2-8)(5-28)
For ©=2 the expression (2.6) reduces to
e 2 .2 5
(2.8) V(r“) = 2w (r“= =R°) , rzR.
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%3. Rectangular block
Let the block be determined by

(3.7)

Kiﬂ:aﬁ lyi< o, §E}¢-C

then the generalized potential at (x,y,z) is given by
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Repeated Laplace tTransformation with respect to a“,b " ,c” gives
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The substitution (1.6) changes this into
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Integration with respect tTo ; gcives in view of (1.8)
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sO that with a similar result for v and j§ the exXprcssion (3.4)
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The 1nversion with respect to p involves the factor
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(3.7) R i< =
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It can be verified without difficulty that the corresponding original

1s

Q=X
(3.8) ,}_{ erf 2IL 4 epr 222 } :
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Hence the total inversion of (3.6) gives

. s o a+xX a-X .
(3.9) P(G)V(az,bg,cg):mig V=G H-{erf — +GMM?HQT_% ds.
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Differentiation of V with respect to a,b and c gives
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0.0,
Z ] f S"/]“"'e erwqu { (Xia)g'*'(yib)g'!“(zic)g} dgs =
"(8) .
(3.10) = ¥ (xx2)% 4 (y40)7 4 (220)71 70

which represents the sum of the generalized potentilals from the

eight corners of the block. By lnverting the argument the eXpression
(3.9) may be obtained by integration of (3.10) with respect to a,b
and ¢, which is another proof of the result,



